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Let T be an operator, T: D + E, T has a superposition with respect to an 
element e E E iff 3 a binary operation * on D such that 
T(x * y) = e when T(x) = T(y) = e. 
All operators having a superposition found until now have commutative 
superposition operations. In this paper a class of nonlinear operators defined 
on a linear space is constructed, having a superposition with respect to 0, 
the superposition being a noncommutative semigroup operation. 
I. INTRODUCTION 
In 1893 Vessiot [1] raised the question of the existence of an analogue of 
the superposition principle valid for a substantial class of nonlinear operators. 
Recently, interest in this problem has revived [2,3,4], and some of the ensuing 
results have found applications [5, 6, 71. 
At present, the most general definition of superposition [B] is: 
DEFINITION 1. Let T be an operator, T : D + E, T has a superposition 
with respect to an element e E E iff El a binary operation * (e.g., an 
F: D x D+ DwithF(x,y) = x*y)onDsuchthat 
T(x * y) = e when T(x) = T(y) = e. (1) 
The term superposition is used in this definition with some propriety, for 
if x and y are solutions of the equation T(u) = e, then x *y is also a solution. 
Trivial superpositions, in the sense that F(xl , x2) = xi , i = 1 or 2, or 
F(XI 9 xa) = v, v fixed, may exist, and these are excluded from the discussion. 
Notice that the superposition is specific to an element e in the range space E. 
The sets D and E are usually considered to be linear spaces with the additive 
identity element of E being the element e cited in the definition. In that case, 
and when T is a linear operator, the operation * is the addition of the linear 
space D. Consequently, the class of operators having a superposition in the 
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sense of Definition 1 includes the linear operators. To see that this is a proper 
inclusion consider the nonlinear differential operator T defined by 
T(u) = uii - Ii2 [li = $1. 
It is easily seen that 
T(q) = s”T(y) + y’T(s;, (3) 
which shows that if x and y are solutions of T(u) = 0, the product sy is 
also a solution. 
Nonlinear operators exist which have a more restrictive superposition. 
DEFINITION 2. Let T be an operator, T : D -+ E, T has a strong super- 
position with respect to an element e E E iff 3 a binary operation ti on 
D(*l c-) Fl : D x D --f D, FJx, y) = x*iy) and a binary operation t2 on 
E(*, t-) F, : E x E -+ E, F2(u, V) = u*sw) such that 
W*,Y) = TC4 *J(Y) 
with c2 such that 
VX and y in the domain, D(T) C D, of T, (3) 
e*,e = e. (4) 
To distinguish the different roles played by *i , Fi , for i = 1,2, we refer to 
cl as a composition for the operator T and *s as the corresponding separation. 
The pair (*i , *s), or alternatively (Fi , F,), with *s having the property (4) 
is called a strong superposition for T with respect to e. 
The linear operators, when D and E are linear spaces, have a strong super- 
position with respect to 0 E E. Addition in D corresponds to *i and addition 
in E to *s . 
An interesting example of a nonlinear operator having a strong super- 
position is a translation [9] of a multiplicative operator [lo], M : D - D, 
where 
WXY) = M(x) WY) Vx, y E D(M). (5) 
Here multiplication in D, a linear space over a field r, is indicated by juxta- 
position. 
A translation T of M is defined by 
T(u) = vM(u), (6) 
where w is a fixed element in the range of M. 
Notice that 
T(d/xr> = d/T(x) T(y) (7) 
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with the square-root operation defined in the usual manner. Hence, 
X*iy= 1/x3riE1,2,(*i, *r) is a strong superposition for T with respect 
to the multiplicative identity 1 in D. 
In addition, if it4 is multiplicatively homogeneous, e.g., 
M(x”) = [M(x)]“, (8) 
Vx E D(M) and Vu E r, then 
T[(~ay~)~‘(a+b)] = [( T(x))a ( T(y))b]l’ta+b’ 
Vx,yeD(M) = D(T)andVa,bErsuchthata+bfO. 
(9) 
These examples and definitions are given to make this note as self-con- 
tained as possible and to supply the proper background for raising the 
question that motivated this work. All the operators provided here, and in 
fact all the operators having a superposition considered until now, have 
superposition operations which are commutative. Is this purely coincidental, 
or does it point to a fundamental property of superpositions? This question 
is answered in the next section, in which a class of nonlinear operators 
defined on a linear space is constructed, having a superposition with respect 
to 0, the superposition being a noncommutative semigroup operation. 
II. CONSTRUCTION 
Let (G, 0) be an abelian group and h : G + G an idempotent homo- 
morphism on G, e.g., 
h(a o b) = h(u) 0 h(b) Vu, b E G (10) 
and 
h2(a) = h(u) VaEG. (11) 
Define * on D x D + D, where D = G x G, by 
(al , bd * by bJ = (al 0 44 bl 0 WJ). ( 12) 
Now (D, *) is not a group, for it lacks an identity element. If 
(a, b) * Cc, 4 = (a, 4, 
then 
However, 
(a 0 h(c), b 0 h(d)) = (a, b) 3 
h(c) = h(d) = e the identity of (G, 0). 
Cc, 4 * (a, b) = (c 0 h(a), do h(b)) # (a, b), 
when c and dare in the kernel of h. 
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The operation * is not commutative, for 
(a,,&) * (~2 9 62) = (~10 44 610 Wd) 
# (a, 0 @,), 620 46,)) = (~2 ,&I* (a, t 6,). 
To see that * is associative, 
(~17 6,) * Ku2 > 62) * (~3 t &)I = (al>b,) * (a, 0 44,620 46,)) 
= (~10 h(a, 3 h(4), 6,~ 4620 46,))) 
= ((~10 44) 0 h”(4, (610 @,N 0 h2W 
== ((~10 4~2)) 0 44, (4 0 @2)) 0 44)) 
= (~10 h(a2)t 610 h(b2)) * (aa 9 63) 
= [(al , 6,) * (~2 , 6211 * (~3 ,63). 
To construct an operator having such a superposition operation, let E be 
a linear function space defined over the field of real numbers and such 
that 3f~ E with 0 being the unique fixed point (f(0) = 0) of J Let h be an 
idempotent homomorphism on E and L : E - E an additive operator on E 
such that L(h(x)) = 0 when L(x) = 0. Let E x E = D and define T : D + D 
bY 
w, Y) = (YJwm- (13) 
Then 
and 
6% ,Yl) * @2 ,Y2) = (Xl + 4x,hYl + 4Y2N (14) 
TKJcl ? Yl) * (J2 B Y2)l = WI + 4x2)* Yl + 4Y2)) 
= (Yl + ~(Y2M~(~l + 42)))) 
= (n + 4Y2hf(&d +wJ(x2Nb (15) 
NOW, if T(x, , yl) = (0, 0), i = 1,2, theny, = 0, andL(x,) = 0. Therefore, 
Yl + NY,) = 0 (16) 
and 
fwi) +w~2))) = 0. 
From (15), (16), and (17) we have that 
TN% 9 Yl> * (x2 3 Y*)l = VAO) 
when 
W, > ri) = l&O) i = 1,2. 
Hence * is a superposition with respect to (0,O) for T. 
(17) 
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A simple specific example of such an operator T follows. Let 
E = {x 1 x : R--t R, R set of reals}, 
f(x) = xn n positive integer, 
4x(t)) = r(t), 
where 
y(t) = [;@’ 
Vt < a 
Vt > a 
where a is some fixed real number and L = h. 
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